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USE FOR THE STUDY OF CANALITHIASIS
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OLIVER HA¨USELMANN1, THOMAS RO¨SGEN1
1INSTITUTE OF FLUID DYNAMICS, ETH ZURICH, 8092 ZURICH, SWITZERLAND
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Abstract. We present an experimental model for a semicircular canal
with canalithiasis. Canalithiasis is a pathological condition where free-
floating particles disturb the flow field in the semicircular canals. It
may lead to a specific form of vertigo known as BPPV or top-shelf
vertigo. A careful scaling of the physical and geometrical parameters
allows us to study the mechanics of this disease on an enlarged model
of a single semicircular canal with laser vibrometry and video particle
tracking. Early results confirm the proper operation of the model canal
and support the current theories on the mechanisms of BPPV.
1. Introduction
The semicircular canals (SCC) located in the inner ear (Figure 1) are
part of the balance sense and are our primary sensors for angular motion.
The membranous labyrinth of the SCC consists of three toroidal structures
which are filled with endolymph (a fluid with mechanical properties similar
to water). Under angular acceleration, the inertia of the endolymph will lead
to a flow relative to the moving SCC. This flow deflects the cupula which is
an elastic structure that effectively obstructs the flow through the SCC. This
deflection is sensed by afferent nerve cells leading to the perception of angular
motion. Since the first mathematical model for SCC by Steinhausen (1933)
several contributions have been made to explain the (fluid) dynamics of SCC
(most recently Van Buskirk and Grant, 1973; Van Buskirk et al., 1976; Van
Buskirk, 1977; Rabbitt and Damiano, 1992; Damiano and Rabbitt, 1996;
Obrist, 2008).
The pathological presence of small calcite particles in the SCC (canaliths)
is a condition known as canalithiasis. It may lead to a common form of ver-
tigo: benign paroxysmal positional vertigo (BPPV). BPPV (also known as
top-shelf vertigo) is the most common cause for vertigo syndromes in hu-
mans. BPPV due to canalithiasis has been studied theoretically and numer-
ically by several authors (House and Honrubia, 2003; Rajguru et al., 2005;
Squires et al., 2004; Obrist and Hegemann, 2008). Experiments investigat-
ing the physical mechanisms of BPPV on animal SCC have been presented
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Figure 1. Schematic of the human labyrinth. The width
of the slender endolymphatic ducts (blue) in the SCC is ex-
aggerated for better visibility. In reality, their diameter is
only about 5% of the diameter of the bony canal (yellow)
(Curthoys et al., 1977b).
by Suzuki et al. (1996a,b), Otsuka et al. (2003), Rajguru and Rabbitt (2007)
and Valli et al. (2008).
In-vitro experiments with SCC are sparse although they allow a clearer
definition of the experimental configuration, a better repeatability of the
experiments and the possibility to perform larger systematic studies with
varying experimental parameters. To our best knowledge, only the work of
Pau and Limberg (1990a,b, 1988) on the flow in a healthy SCC and the work
by Valli et al. (2006) on canalithiasis have been published so far. To improve
the handling, these in-vitro models are usually scaled up while it must be
ensured that this scaling does not alter the relevant physical processes.
It is the goal of the present work to design a properly scaled experimental
model, to validate this model thoroughly and to demonstrate its use for the
study of SCC with canalithiasis.
2. Experimental set-up
For simplicity, our SCC model is limited to the membranous duct of a
single SCC and the utricle (Figure 2). The two other SCC, the saccule and
the bony labyrinth are omitted.
The complete experimental set-up (Figure 3) consists of the scaled model
of a single SCC, a stepper motor for rotating the SCC model, various mea-
surement equipment and a personal computer for controlling the stepper
motor, for data acquisition and for post-processing.
2.1. Scaling of the experiment. To facilitate the handling of the exper-
iment and to enable an accurate measurement of the cupula deflection and
the particle trajectories, we scale the SCC by the factor f > 1 to a size of
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Figure 3. Complete experimental set-up.
several centimeters. To maintain the subtle balance between the different
physical processes in a SCC with canalithiasis, this geometrical scaling re-
quires us to modify the other physical parameters as well. Because BPPV
is a transient process it is sensible to keep the most relevant time scales of
a SCC with canalithiasis constant: the viscous time scale Tv, the cupula
time constant Tc and the particle settling time Tp. These values are derived
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and discussed in appendix A and, in more detail, in Obrist and Hegemann
(2008).
The viscous time scale describes how fast viscous effects are able to relax
a perturbed flow field in the slender duct of the SCC to an equilibrium state.
It is given by
(1) Tv =
a2
ν
,
where a is the radius of the slender duct of the SCC and ν is the kinematic
viscosity of the endolymph. If we scale the geometry by a factor f , i.e.
a+ = fa (where the superscript + indicates model parameters) we have to
scale the kinematic viscosity ν by a factor of f2 (ν+ = f2ν) to maintain Tv
constant.
The particle settling time Tp describes a typical time scale for the settling
of a canalith in a SCC under the influence of gravity. It is given by
(2) Tp =
9a2R
2ga2p(ρp/ρ− 1)Tv
,
where R is the major radius of the SCC, g is the gravitational acceleration,
ap is the canalith radius and ρ and ρp are the densities of the endolymph and
the canaliths, respectively. After inserting the scaled values for a+ = fa,
a+p = fap and R
+ = fR we find that the following relation must hold,
(3)
ρ+p
ρ+
= 1 + f
(
ρp
ρ
− 1
)
.
Finally, the cupula time constant describes how fast a deflected cupula
relaxes in a SCC at rest. It is given by
(4) Tc =
8ρβR
pia2KTv
,
where βR is the arc length of the slender duct and K describes the stiffness
of the cupula (cf. appendix B). From this follows, that the scaled stiffness
of the cupula K+ should be
(5)
K+
K
=
ρ+
fρ
.
By this scaling, we ensure that the most relevant dynamical processes in
the experiment run in real time. This means, for example, that a particle
falls with an f times higher velocity through the model SCC (which is f
times larger than a real SCC) such that it settles in the same time as canalith
would settle in a real SCC.
Based on the available materials, we choose a scaling factor of f = 4.4.
This allows us to use a multipurpose cutting oil for the endolymph with
a specific density of ρ+ = 845kg/m3 and a kinematic viscosity of ν+ =
19.5× 10−6m2/s (Ecocut 3010, Fuchs Petrolub AG, Mannheim, Germany).
From Eq.(3) it follows that the model canaliths should have a density of
ρ+p = 7200kg/m
3. For the present experiments, we use steel particles (micro-
balls made of E52100 steel, MARTIN & C., Perosa Argentina, Italy) with a
density of ρ+p = 7800kg/m
3 and a radius of a+p = 125µm which corresponds
to canaliths with ap ≈ 28µm. We use a Silicone Elastomer Film with a
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Table 1. Parameters of the model SCC and an unscaled SCC.
description symbol model SCC unscaled SCC
scaling factor f 4.4
major SCC radius R 16mm 3.64mm
minor SCC radius a 0.8mm 0.182mm
angle spanned by duct β 250◦ 250◦ (6)
endolymph viscosity ν 19.5× 10−6m2/s (2) 10−6m2/s (5)
endolymph density ρ 845kg/m3 (2) 1000kg/m3 (5)
canalith radius ap 125µm (3) 28.4µm
canalith density ρp 7800kg/m3 (3) 2700kg/m3 (5)
cupula stiffness K 1.7GPa/m3 8.9GPa/m3
(achieved cupula stiffness (1)) (4.0GPa/m3) (4) (20.7GPa/m3)
viscous time scale Tv 0.0328s 0.0331s
cupula time constant Tc 4.24s 4.19s
(achieved cupula time constant (1)) (1.80s) (1.80s)
particle settling time Tp 1.11s 1.22s
particle relaxation time Tr 1.64µs 0.48µs
(1) The cupula time constant achieved with the present experimental set-up is lower than
the targeted time constant of 4.2s (Dai et al., 1999).
(2) Ecocut 3010 at 24◦C.
(3) steel micro-balls.
(4) Goodfellow elastomer film 50µm.
(5) Bronzino (1995).
(6) Van Buskirk et al. (1976)
thickness of 50µm by Goodfellow Cambridge Ltd. (Huntingdon, UK) for
modeling the cupula. According to Eq.(5) the resulting cupula stiffness
should be approximately K+ = 1.7GPa/m3. However, as we will report in
§ 3.1, the model cupula turns out to be stiffer such that the cupula time
constant is lower than desired.
The scaled parameters are summarized in Table 1 together with their
unscaled values which compare reasonably well to human posterior SCC
(Curthoys et al., 1977a,b) and actual canaliths (Lim, 1984). The reduced
particle and cupula time constants (due to the heavy particles and a stiff
cupula) result in a model SCC which responds faster than a real SCC to
symptomatic “head maneuvers”.
2.2. Components of the experimental set-up. The centerpiece of our
experiment is the scaled SCC (Figure 4). It consists of an anodized alu-
minium base plate with a narrow circular groove of radius R+ and a larger
cavity. This cavity represents the utricle and the ampulla holding the cupula.
The slender duct of the SCC is modeled by a transparent tube (inner radius
a+, length βR+) which is inserted into the narrow groove. The thin elastic
membrane which models the cupula is clamped between the two halves of
a PVC insert fitting tightly in the cavity of the utricle (Figure 4(b)). One
side of this insert connects directly to the tube which represents the slender
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Figure 4. (a) CAD rendering of the complete SCC model
and (b) a schematic cross-section of the cupula insert: alu-
minium base plate (black), latex tube (gray), insert (blue),
cupula membrane (yellow). (Not shown: Plexiglas front
plate, O-ring seal, venting hole, various bolts.)
duct. The other side opens to the utricle. The cupula is rotated by 90◦
such that the deflection is normal to the plane of the SCC. This change
in the geometry has a negligible effect on the dynamics of our model SCC
because the inertial forces needed for the redirection of the endolymph by
90◦ are very small compared to the viscous forces in an SCC. The base plate
is closed by a Plexiglas front plate with an O-ring seal. The system is filled
with oil through a sealable hole in the utricle. A second sealable hole in the
front plate is used for venting. The particles can be injected through the
filling hole with a syringe.
The SCC model is mounted onto a computer-controlled stepper motor.
The deflection yc of the cupula (with respect to its relaxed position) is
measured with a vibrometer (CLV-2534-4, Polytec GmbH, Waldbronn, Ger-
many) which uses laser interferometry to measure the velocity dyc/dt. The
deflection yc is obtained by numerical integration of the velocity signal. The
laser beam is adjusted to the center of the cupula membrane (at the end of
the angular maneuver). To improve the reflection of the laser beam we have
painted the center of the membrane with a silver glitter pen. During the
rotation of the SCC the membrane deflection cannot be measured. Even if
the laser beam followed the rotating SCC the vibrations of the system would
be too large for an accurate measurement.
The experiments are captured with a video camera such that the canalith
positions and velocities can be extracted from the video sequence with a
particle tracking algorithm (Ohmi and Li, 2000; Marxen et al., 2000) imple-
mented in MATLAB.
3. Results
We use the SCC model for various experiments with and without particles
where we mimic a typical head maneuver by rotating the SCC by 120◦ in
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Figure 5. Standard head maneuver from 0◦ to 120◦ in 3s
(—— α, – – – α˙, · · · · α¨).
TM seconds. Unless noted otherwise, the maneuver lasts for TM = 3s and
the angle of rotation α is given by
(6) α(t) =

0, t < −3s
2pi
3·2187
(
2187− 20t7 − 210t6 − 756t5 − 945t4) , −3s < t < 0s
2pi
3 , 0s < t
The time axis is adjusted such that t = 0s coincides with the end of the
maneuver. The particular choice for Eq. (6) ensures that the slopes of the
angle α, the velocity α˙ and the acceleration α¨ are continuous at t = −3s
and 0s (Figure 5).
3.1. Calibration of the cupula time constant. Because the stiffness
K+ and the cupula time constant Tc cannot be determined exactly a priori,
the SCC model (without particles) has to be calibrated to determine Tc.
Ideally, Tc should not change between experiments. However, the cupula
time constant is very sensitive to the clamping of the membrane in the
insert (e.g. wrinkles and/or pre-straining) and we observe an ageing effect
(mechanical fatigue, creeping, diffusion of oil into the membrane, etc.) which
tends to stiffen the cupula membrane. Therefore, the membrane has to be
replaced regularly and Tc must be determined before every experiment.
The calibration test makes use of the well-known phenomenon (Grant and
Van Buskirk, 1976; Highstein et al., 2005) that a deflected cupula in a SCC
at rest relaxes according to
(7) yc ∼ e−t/Tc .
Therefore, the cupula time constant can be determined by fitting a curve
with exponential decay to yc(t).
Figure 6 shows the results from several calibration tests. The initial de-
flection of the cupula was generated with standard rotational movements
of the SCC. The curves follow Eq.(7) which indicates that the relation be-
tween the pressure across the cupula and its deflection is indeed linear (cf.
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Figure 6. Calibration tests: (a) Cupula velocity for ten re-
alizations (red curve: average value) of a calibration test ini-
tiated with the standard head maneuver Eq.(6). (b) Cupula
time constants evaluated from the ten realizations. (c) Ex-
ponential decay of the cupula velocity (Tc = 1.8s) plotted on
a logarithmic scale for maneuvers with TM = 1.5s, 3s and 6s.
appendix B). According to Dai et al. (1999) the cupula time constant for
human posterior SCC is 4.2s. Recent results for oyster toadfish (Rabbitt
et al., 2009) suggest that the cupula time constant may be as large as 13
to 104s (36s on average). Our model cupula leads to shorter time constants
which are typically below 2s. The experiments shown in Figure 6 and 9 had
a time constant of Tc ≈ 1.8s while the experiments in Figure 7, 8 and 10
yielded Tc ≈ 0.75s, 1.2s and 1.3s, respectively.
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The difference in the cupula time constant between our experimental set-
up and a real SCC is reflected in Table 1 by the values in parentheses. The
shorter time constant is the result of a stiffer cupula membrane. Despite
the shorter time constant, we believe that the fundamental mechanisms of
BPPV remain intact and that the differences are only of quantitative nature.
Moreover, the present experimental set-up will allow us to quantify the effect
of larger cupula time constants by increasing systematically the diameter of
the model cupula.
3.2. Overshoot. During the acceleration of the head, the cupula is de-
flected by an amount approximately proportional to the angular velocity.
In the deceleration phase, the cupula moves back by the same amount. But
instead of returning exactly to its relaxed position, the cupula overshoots
slightly the relaxed position. This overshoot is related to the mechanical
adaptation of the SCC which leads to a slow relaxation of the cupula al-
ready during the maneuver. This relaxation adds up with the deflection
during the deceleration phase to an overshoot (we have used this overshoot
to initialize the calibration tests). Mathematically, the overshoot is de-
scribed by the velocity error in the analytical result for the cupula deflection
by Obrist (2008). We compare this analytical prediction to our experiment
in Figure 7 where we used different maneuvers to trigger different cupula
overshoots. These maneuvers complete the rotation of the SCC by 120◦ in
TM = 0.5s to 6s.
3.3. Canalithiasis. To study canalithiasis, we inject different numbers of
particles (np) into the slender duct of the SCC. We let the particles settle
at the lowest point in the system and then rotate the SCC according to
Eq.(6). After the maneuver has ended, the particles fall through the SCC
(or they slide and roll along its wall). They come to rest at the duct wall
when the non-hydrodynamic forces between particles and wall (molecular
forces as well as mechanical forces due to small geometrical imperfections
and surface roughness) cancel the gravity force. During their settling the
particles induce a flow in the direction of the falling particles which deflects
the cupula in the direction of the head maneuver (leading to vertigo).
Figure 8 shows the deflection of the cupula for different numbers of par-
ticles. The curves for the cupula deflection have been averaged over several
realizations of the experiment. In particular, the experiments with large
numbers of particles exhibit larger variations in yc(t) between different re-
alizations (up to 20%). This is most likely related to irregular interactions
between the falling particles. The effect of the particle interaction is empha-
sized by Figure 6(b) which shows results where the particles were magne-
tized before the experiment such that they form larger clusters while falling
through the SCC. Apparently, this clustering leads to a stronger cupula
deflection.
Depending on the initial position, number and size of the particles their
trajectories can differ substantially (see also supplementary material). Fig-
ure 9 shows different realizations for single particle trajectories whereas Fig-
ure 10 gives an impression of the complex particle dynamics in a configura-
tion with multiple particles.
10 D. OBRIST, S. HEGEMANN, D. KRONENBERG, O. HA¨USELMANN, T. RO¨SGEN
0 1 2 3 4 5 60
0.005
0.01
0.015
0.02
0.025
0.03
 
 
TM [s]
y c
| t=
0
s
[m
m
]
(a)
0 1 2 3 4 5 60
0.005
0.01
0.015
0.02
0.025
0.03
 
 
TM [s]
y c
| t=
0
s
[m
m
]
(b)
Figure 7. Overshoot at t = 0s for different maneuvers
which complete the rotation by 120◦ in TM seconds in a
model SCC without particles with (a) Tc ≈ 0.75s and (b)
Tc ≈ 1.8s. The dotted line indicates the theoretical predic-
tions according to Obrist (2008).
In the sense of a “null experiment”, we have tested configurations in
which all particles are located inside the utricle. This corresponds to a
BPPV patient who has been treated with a specific head maneuver in order
to move the canaliths out of the slender duct into the utricle. As expected,
these experiments do not exhibit any pathological deflection of the cupula.
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Figure 8. Cupula displacement yc for canalithiasis exper-
iments with different numbers np of particles and different
cupula time constants: (a) Tc ≈ 1.8s and (b) Tc ≈ 1.2s.
The curves are averages of multiple realizations of the ex-
periments. The particles in (b) are slightly magnetized such
that they form larger clusters of particles.
4. Discussion
The experimental results presented in section 3 compare well with estab-
lished results on the behavior of healthy SCC (Damiano and Rabbitt, 1996;
Van Buskirk et al., 1976; Obrist, 2008) and of SCC with canalithiasis (e.g.
Aw et al., 2005).
The experiments from sections 3.1 and 3.2 validate the experimental set-
up. The results presented in Figure 6 show that the cupula relaxation in
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(a) (b) (c)
Figure 9. Particle trajectories for head movements with
np = 1 (red circle indicates the starting position). (a) The
particle slides along the outer wall (never detaches from the
wall), (b) the particle falls through the SCC until it hits the
outer wall, (c) the particle detaches from the outer wall, hits
the inner SCC wall, detaches a second time, falls onto the
outer SCC wall and slides toward the lowest point of the
SCC. (Tc ≈ 1.8s.)
our model SCC without particles adheres to an exponential decay. This
phenomenon is directly related to the post-rotatory overshoot shown in Fig-
ure 7. Such an overshoot (including its effect on the firing rate) can also
been seen in Figure 3 of Rabbitt et al. (2009). In accordance with our re-
sults, this data shows also a tendency toward smaller overshoots for larger
cupula time constants.
The theoretical and experimental results in Figure 7 show both the same
general trends but differ quantitatively. Following the theory discussed
in Appendix B, the volumetric displacement V is proportional to the dis-
placement yc, i.e. V = (a2cpi/3)yc (where ac is the radius of the cupula). If,
however, the cupula deflection is slightly corrugated and/or the vibrometer
laser beam is not exactly centered, we can easily imagine that the propor-
tionality factor between V and yc changes substantially.
The canalithiasis experiments in § 3.3 confirm the fundamental mecha-
nism of BPPV as described by various authors (House and Honrubia, 2003;
Rajguru et al., 2004; Obrist and Hegemann, 2008). We can see that the
onset-latency, i.e. the time from the end of the maneuver to the onset of
the positional nystagmus, is directly related to the cupular overshoot. In
configurations with many particles, the flow induced by the settling particles
can be so strong that there is no overshoot and, thus, no onset-latency. Such
cases have also been found in clinical tests by Aw et al. (2005). Moreover,
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Figure 10. Particle trajectories for head movements with
np = 35 (the azimuthal angle αp of the particle positions as
a function of time) in a model SCC with (Tc ≈ 1.3s.). The
particles follow different trajectories (some falling through
the slender duct, some sliding first along the inner wall).
Furthermore, some particles form clusters or fall at different
velocities (indicated by the different slopes of the individual
curves). The red line shows the predicted particle trajectory
according to the analytical model by Obrist and Hegemann
(2008).
the landmarks of the cupula displacements in Figure 8 (such as the onset-
latency, the time to the peak deflection, etc.) show a remarkable agreement
with clinical data by Aw et al. (2005) (especially for posterior SCC) if we
factor in that our model reacts faster due to the short cupula time constant.
The quantitative differences to the numerical results by Obrist and Hege-
mann (2008) can be mainly attributed to their idealized particle description
(cf. Figure 10). The experimental results confirm that the pathological
deflection of the cupula increases with the number of particles.
The three prototypical particle trajectories shown in Figure 9 compare
well with the particle trajectories predicted numerically by Obrist et al.
(2008). The particle trajectories with 35 particles (Figure 10 and supplemen-
tary material) illustrate the complex dynamics of clouds of settling particles
which has a direct impact on the pathological cupula deflection.
In future experiments, the present experimental set-up shall be used to
study various phenomena such as the effect of polydisperse and/or non-
spherical particles on the cupula deflection. It is expected that the nonlinear
particle interaction leads to large variations in the possible cupula deflection
patterns.
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Appendix A. Time scales of a semicircular canal with
canalithiasis
There are two characteristic time scales which determine the fluid dynam-
ics in a healthy SCC: the viscous time scale and the cupula time constant.
In a SCC with canalithiasis, there are two additional time scales which de-
scribe the dynamics of the particles: the particle relaxation time and the
particle settling time. All time scales correspond to the inverse of temporal
eigenvalues of the SCC. In the following, we derive these eigenvalues at least
approximately to motivate the use of these characteristic parameters for the
scaling of our experiment. See Obrist (2008) and Obrist and Hegemann
(2008) for more details about the eigenvalues of the a healthy SCC and of a
SCC with canalithiasis, respectively.
Our derivation starts with Van Buskirk’s equation for the fluid dynamics
of a semicircular canal (Van Buskirk et al., 1976),
(8)
∂2
∂t˜2
w˜ − 1
r˜
∂
∂r˜
(
r˜
∂2
∂r˜∂t˜
w˜
)
+ 
∫ 1
0
w˜(r′, t˜) r′dr′ = −(1 + γ/β) ∂
3
∂t˜3
α
with
(9)  =
2pia6K
ν2ρβR
.
The physical parameters are the cupula stiffness K, the kinematic viscosity
ν and the density of the endolymph ρ, respectively. The geometrical param-
eters a, R, α, β and γ are explained in Figure 2. The dimensionless variables
w˜, r˜ and t˜ are based upon the axial endolymph velocity w(r, t), the radial
coordinate r and the time t. They are defined as
(10) r˜ =
r
a
, t˜ =
t
Tref
, u˜ =
uTref
R
,
where Tref = a2/ν.
To find the temporal eigenvalues σ we work with the homogeneous form
of (8) and use the ansatz
(11) w˜(r˜, t˜) = wˆ(r˜)e−σt˜.
We obtain
(12) σ2r˜wˆ + σwˆ′ + σr˜wˆ′′ + r˜
∫ 1
0
wˆr′ dr′ = 0,
where wˆ′ ≡ dwˆ/dr˜. Together with the boundary conditions wˆ(1) = wˆ′(0) =
0, equation (12) is a nonlinear eigenvalue problem for the eigenvalue σ.
To solve this eigenvalue problem, we make the important observation
that the integral in (12) is proportional to the volume flow through the SCC
which is independent of r˜, i.e. a constant. With the definition
(13) κ ≡
∫ 1
0
wˆ(r′) r′ dr′,
we can rewrite (12) as an inhomogeneous ordinary differential equation for
wˆ,
(14) σr˜wˆ′′ + σwˆ′ + σ2r˜wˆ = −r˜κ.
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It is straightforward to show that
(15) wˆ(r˜) = AJ0(
√
σ r˜)−  κ
σ2
is a solution to equation (14) where J0 is a Bessel function of the first kind.
We can now determine κ by substituting the solution (15) in equation (13).
We find
(16) κ = Aζσ
σ2
σ2 + /2
,
with
(17) ζσ ≡
∫ 1
0
J0(
√
σr′) r′ dr′.
It remains to satisfy the no-slip boundary condition at the wall. From
equations (15) and (16) it can be shown that this boundary condition is only
satisfied if
(18) J0(
√
σ) =
ζσ
σ2 + /2
.
This transcendental equation determines all eigenvalues σ.
We can find the eigenvalues graphically by plotting the left-hand side and
the right-hand side of equation (18) against
√
σ. Equation (18) is satisfied
wherever these two curves intersect.
Most eigenvalues are close to the roots of the Bessel function J0(
√
σ)
because the right-hand side of Eq.(18) is almost zero for σ = O(1) and
larger. These eigenvalues are almost identical to the eigenvalues which we
would obtain for a SCC without cupula (i.e.  = 0). These modes are
governed by viscous effects and, therefore, called viscous modes. The fastest
viscous mode corresponds to the first root of the Bessel function which is
approximately at
√
σ ≈ 2.4. Therefore, all viscous modes decay at least as
fast as
(19) wˆ ∼ exp[−5.76t˜] = exp[−5.76t/(a2/ν)]
and their decay rate scales with the viscous time scale Tv,
(20) Tv = Tref =
a2
ν
.
There is only one eigenvalue which does not belong to the group of viscous
eigenvalues. It is relatively close to the origin. If we use the approximation
J0(s) = 1− s2/4 + s4/64 +O(s6) for small s (and σ2  ) we can show that
this eigenvalue is approximately given by
(21) σc ≈ /16.
Because this eigenvalue is directly related to the stiffness of the cupula (given
by ) we call it the cupula eigenvalue and we identify it with the cupula time
constant Tc,
(22) w ∼ exp[(/16)t˜ ] = exp[t/(16Tref/)] = exp[t/Tc]
such that
(23) Tc =
8ρβR
pia2KTv
.
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The two particle time scales can be derived approximately from the equa-
tion of motion for a single particle settling in a SCC at rest,
(24)
4pi
3
a3pρpα¨p + 6piνρapα˙p +
4pi
3R
a3p(ρp − ρ)g sin(αp) = 0,
where αp, α˙p and α¨p describe the position, velocity and acceleration of the
particle in terms of its azimuthal angle. The first term in Eq.(24) describes
the inertial force due to the particle acceleration, the second term the drag
of the particle (Stokes drag) and the third term is the gravitational force
projected onto the main axis of the SCC. If we linearize the third term for
small angles αp we can solve this equation and find
(25) αp = A1 exp
[
− 9ρνt
2ρpa2p
]
+A2 exp
[
− 2a
2
pg(ρp/ρ− 1)t
9νR
]
The first exponential term describes the ability of the particle to adapt its
velocity to the velocity of the surrounding fluid. This adaptation process
corresponds to the particle relaxation time Tr which is given as
(26) Tr =
2ρpa2p
9ρν
.
It is very fast for the SCC with canalithiasis. As a matter of fact it is much
faster than the viscous time scale. For our purposes, we can consider the
particle relaxation as infinitely fast. For the scaling of our experiment, we
only have to ensure that Tr remains much smaller than Tv.
The second exponential term corresponds to the settling of the particle.
This process is much slower than the particle relaxation and even slower
than the viscous time scale. We identify this mode with the particle settling
time Tp,
(27) Tp =
9νR
2ga2p(ρp/ρ− 1)
.
It was shown by Obrist and Hegemann (2008) that the particle settling
time Tp is of the same order of magnitude as the cupula time constant Tc.
The ratio between these two time scales turns out to be the most relevant
parameter for BPPV.
Appendix B. Deflection of the cupula membrane
Here, we derive a simple mathematical description for mechanics of the
deflection of the cupula membrane. As observed in the work of McLaren and
Hillman (1979) and Hillman and McLaren (1979), the largest displacement
of the cupula in both vertical canals occur near its center. This suggests
that the cupula deforms like a diaphragm which is attached to the wall
along its entire perimeter and loaded by a pressure pc (Di Giovanni, 1982).
When considering thick membranes the effects of shear stresses and normal
pressures on the planes parallel to the surface of the diaphragm are taken
into account. According to this model the displacement yb of a clamped
circular diaphragm with radius ac due to bending is
(28) yb(r) =
3(1− µ2)pc
16Eh3
(
a2c − r2
)2
,
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where r is the radial coordinate originating from the center of the circular
membrane, E refers to Young’s modulus of the membrane material and
µ is the Poisson ratio assumed to be µ = 0.49 (for an almost perfectly
incompressible material). The displacement ys due to shear only is given by
(29) ys(r) =
3(1 + µ)pc
4Eh
(
a2c − r2
)
,
By superposition of the two effects, the maximal displacement at the center,
yc = y(r = 0), of a thick diaphragm with clamped edges adds up to
(30) yc =
[
3(1− µ2)a4c
16Eh3
+
3(1 + µ)a2c
4Eh
]
pc,
Since our model cupula is very thin (h/ac = O(10−3)) and the maximum
displacements remain small the expression for bending alone is sufficient.
In order to obtain the cupula stiffness K for the linear elastic model of the
cupula (as defined by Van Buskirk et al., 1976) we have to integrate first the
deflection y(r) over the entire cupula to obtain the volumetric displacement
V under the cupula,
V =
∫ ac
0
y(r)2pir dr
=
pi(1 + µ)
16Eh3
[
6a4ch
2 + a6c (1− µ)
] · pc(31)
If we re-write this relation in the form pc = K · V we find the following
expression for the cupula stiffness K,
(32) K =
16Eh3
pi(1 + µ) [6a4ch2 + a6c (1− µ)]
.
We can now insert the desired cupula stiffness K in this expression to esti-
mate the required Young modulus E of the membranes.
For the real cupula, we estimate from Eq.(32) that a cupula stiffness of
K = 13GPa/m3 (Obrist, 2008) requires a Young modulus on the order of 5Pa
(Kassemi et al., 2005). Since no material with such mechanical properties is
available to us, we use a very thin membrane instead to model the cupula
such that we can use a silicone elastomer with a Young modulus on the order
of 10−2GPa.
Because this plate theory is on only a rough approximation to the cupula
deformation, the expression (32) has to be understood as an estimate for K
which can be used to select an appropriate membrane. The actual stiffness
K (and the resulting cupula time constant Tc) have to be determined with
the calibration test described in § 3.1.
